Modeling and Analysis of Time Series Data
Chapter 6: Extending the ARMA model:

Seasonality, integration and trend
STATS 531, Winter 2026

Edward lonides

1/30



Seasonal autoregressive moving average (SARMA) models
P A general SARMA(p, q) x (P, Q)5 model for monthly data is
[S1]  ¢(B)R(B*)(Y, — p) = 0(B)O(B?)e,,,

where {e,,} is a white noise process and

po= E[Y]
() = 1—¢1x—-—P,ar,
O(xz) = 1+6,2+-+029
d(r) = 1—®x—-—0pal,
O(z) = 1+60,z++ 06,z

P SARMA is a special case of ARMA, where the AR and MA
polynomials are factored into a monthly polynomial in B and
an annual (or seasonal) polynomial in B!2.

P Everything we learned about ARMA models (including assessing
causality, invertibility and reducibility) also applies to SARMA.
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Choosing the period for a SARMA model

P For the SARMA(p, q) x (P, Q)5 model, 12 is called the
period.

P One could write a SARMA model for a period other than 12.

» A SARMA(p, q) x (P,Q), model could be appropriate for
quarterly data.

P In principle, a SARMA(p, q) x (P, Q)5, model could be
appropriate for weekly data, though in practice ARMA and
SARMA may not work so well for higher frequency data.

P The seasonal period should be appropriate for the system being
modeled. It is usually inappropriate to fit a
SARMA(p, q) x (P,Q)y model just because you notice a high
sample autocorrelation at lag 9.
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Consider the following two models:

[S2] Y, =0.5Y, ; +0.25Y, 15 +¢,,

[S3] Y, =0.5Y,_, +0.25Y, ,,—0.125Y, 45 +¢,,
Question. Which of [S2] and/or [S3] is a SARMA model?

Fonn Ve
53 (1= 03B Y025 B)Y, = £,  miioak
= X )% * & (‘;S\ST/:«AM 2 SARMA,

[s2): Comct be wrilliq n product ,(;M
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Question. Why do we assume a multiplicative structure in the
SARMA model, [S1]? What theoretical and practical advantages (or
disadvantages) arise from requiring that an ARMA model for
seasonal behavior has polynomials that can be factored as a product
of a monthly polynomial and an annual polynomial?

Ths iy a Mote 047 éMW\fU\az not Sclene.

JM/LI fre J'Je argdhon s Q/Q'au(t Does it
-’ym\mﬂ‘] hold v Ja}l?

The $ARMA Ol.sﬂ/'“p‘k& QM7 realyeey fog
pib @ pantads fo (o
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Fitting a SARMA model

We fit a monthly version of the Lake Huron depth data.

dat = pd.read_csv("huron_level.csv", comment='#"')
dat.columns = dat.columns.str.strip()
print(dat.iloc[:3, :6])

Year Jan Feb Mar Apr May
0 1860 177.285 177.339 177.349 177.388 177.425
1 1861 177.077 177.105 177.224 177.254 177.382
2 1862 177.227 177.181 177.272 177.321 177.397

# Reshape data to monthly time series
huron_level = dat.iloc[:, 1:13].values.flatten()
years = np.repeat(dat['Year'].values, 12)

months = np.tile(np.arange(12), len(dat))

time = years + months/12
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Based on our previous analysis, we try fitting AR(1) for the annual
polynomial. We try ARMA(1,1) for the monthly part, giving

(1-®,B%)(1 —¢,B)(Y,, — ) = (1+6,B)e,. (1)

P As discussed earlier, we analyze data only up to 2014, shown by
a red line on the plot.
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huron_level_sub = huron_level[time < 2014.99]
time_sub = time[time < 2014.99]

# Fit SARMA(1,1)x(1,0)_12 model

huron_sarmali1x10 = SARIMAX (huron_level_sub,

order=(1, 0, 1),
seasonal order=(1, 0, 0, 12)).fit()

coef std err z P>zl [0.025 0.975]
ar.L1 1.0000 4.83e-06 2.07e+05 0.000 1.000 1.000
ma.L1 0.7868 1.21e-06 6.5e+05 0.000 0.787 0.787
ar.S.L12 1.0000 3.66e-06 2.73e+05 0.000 1.000 1.000
sigma2 0.0050 3.56e-07 1.41e+04 0.000 0.005 0.005
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Residual analysis

P Residual analysis is similar to non-seasonal ARMA models.

P We look for residual correlations at lags corresponding to
multiples of the period (here, 12, 24, 36, ..) for misspecified
annual dependence.

Autocorrelation
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Mot
Question. What do you conclude from this residual analysis? What
would you do next?
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ARMA models for differenced data

Applying a difference operation to the data can make it look more
stationary and therefore more appropriate for ARMA modeling.

P This can be viewed as a transformation to stationarity.
P We can transform the data y;, 5 to 2o,y
Zn = DYy =Yy — Yp1- (2)
Definition: an ARMA(p,q) model Z,, 5 for the differenced data

Zy.y is called an integrated autoregressive moving average
model for y,.5 and is written as ARIMA(p,1,q).

Formally, the ARIMA(p,d,q) model with intercept p for Y,y is
[S4]  &(B)[(1 - B)Y, — u] = 0(B)e,,

where {e,, } is a white noise process; ¢(x) and 6(z) are ARMA
polynomials.

P It is unusual to fit an ARIMA model with d > 1. 050
1



An ARIMA(p,1,q) model is almost a special case of an
ARMA(p+1,q) model with a unit root to the AR(p+1) polynomial.

Question. Why “almost” not “exactly” in the previous statement?

Sy ¢(B)[(/~6>J \/.c/bt] - %) <,

S‘.:M.-\‘N MMF\(PMIZ)IW\YL a vnt osbe

#6)(-2){%,.- p) = BBde,

Hor's o Small offotns “w eame o [
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Two reasons to fit an ARIMA(p,d,q) model with d > 0

1. You may really think that modeling the differences is a natural
approach for your data. The S&P 500 stock market index
analysis in Chapter 3 is an example of this, as long as you
remember to first apply a logarithmic transform to the data.

2. Differencing often makes data look “more stationary” and

perhaps it will then look stationary enough to leIStIfy applying

¢
the ARMA machinery. ( J;ﬂv*’m. rermpey a lineas
2 St (o arzwuﬂlol« W.

P We should be cautious about this second reasoif. It can lead to
poor model specifications and hence poor forecasts or other
conclusions.

P The second reason was more compelling in the 1970s and 1980s.
Limited computing power resulted in limited alternatives, so it
was practical to force as many data analyses as possible into
the ARMA framework and use method of moments estimators.
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Practical advice on using ARIMA models

P ARIMA analysis is relatively simple to do. It has been a
foundational component of time series analysis since the
publication of the influential book “Time Series Analysis" [1]
which developed and popularized ARIMA modeling.

P A practical approach is:
1. Do a competent ARIMA analysis.

2. ldentify potential limitations in this analysis and remedy them
using more advanced methods.

3. Assess whether you have in fact learned anything from (2) that
goes beyond (1).
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The SARIMA(p, d, q) x (P, D,Q) model

Combining integrated ARMA models with seasonality, we can write
a general SARIMA(p, d, q) x (P, D, Q),, model for nonstationary
monthly data, given by

[S5]  @(B)2(B**)[(1—B)¥(1 - B*)PY, — ] = 0(B)O(B")e,,,

where {¢, } is a white noise process, the intercept i is the mean of
the differenced process {(1 — B)4(1 — B'2)PY, 1, and we have
ARMA polynomials ¢(x), ®(x), 6(z), ©(z) as in model [S1].

» The SARIMA(0,1,1) x (0,1,1),5 model has often been used
for forecasting monthly time series in economics and business.
It is sometimes called the airline model after a data analysis
by Box and Jenkins (1970).

14/30



Trend estimation: regression with ARMA errors
Definition: A general signal plus noise model is
[S6] Y, =, + 1,

where {7, } is a stationary, mean zero stochastic process, and p,, is
the mean function.

P If, in addition, {n,,} is uncorrelated, then we have a signal
plus white noise model. The usual linear trend regression
model fitted by least squares in Chapter 2 corresponds to a
signal plus white noise model.

P We can say signal plus colored noise if we wish to emphasize
that we're not assuming white noise.

P Here, signal and trend are used interchangeably. In other
words, we are assuming a deterministic signal.

P A signal plus ARMA(p,q) noise model occurs when {n, } is

a stationary, causal, invertible, mean zero ARMA(p,q) process.
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P As well as the p + ¢ + 1 parameters in the ARMA(p,q) noise
model, there will usually be unknown parameters in the mean
function.

P When the mean (also called trend) has a linear specification,

K
My = ZZn,k:Bka (3)
k=1

the model is linear regression with ARMA errors.

P Writing Y for a column vector of Y7, 5, p for a column vector of
t1.n, 1 for a column vector of 1.y, and Z for the N x K
matrix with (n, k) entry Z,, ;, we have a general linear
regression model with correlated ARMA errors,

Y =Z8+n. (4)

P From this equation, Y — Z3 is ARMA so likelihood evaluation

and numerical maximization can build on ARMA methods.
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Inference for the linear regression model with ARMA errors

>

>

\ A 4

Maximum likelihood estimation of 6 = (¢,.,,,6,.,, 02, ) is a
nonlinear optimization problem.

Fortunately, Python's SARIMAX can do it for us using the
exog argument.

As usual, we should look out for signs of numerical problems.

Data analysis for a linear regression with ARMA errors model,
using the framework of likelihood-based inference, is
procedurally similar to fitting an ARMA model.

This is a powerful technique, since the covariate matrix Z can
include other time series. We can evaluate associations
between different time series.

With appropriate care (since association is not causation)
we can draw inferences about mechanistic relationships
between dynamic processes.
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Evidence for systematic trend in Lake Huron level?

We return to annual data, say the January level, to avoid seasonality.

o
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P Visually, there seems some evidence for a decreasing trend, but
there are also considerable fluctuations.

P Let's test for a trend, using a regression model with Gaussian
AR(1) errors. We have previously found that this is a
reasonable model for these data.

P First, for comparison, we fit a null model with no trend.
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from io import StringIO

fit0 = SARIMAX(huron_jan, order=(1, 0, 0),
trend='c').fit ()

params_csv = f£it0.summary() .tables[1].as_csv()

pd.read_csv(StringIO(params_csv))

coef stderr z P>|z| [0.025 0.975]
0 intercept 26.2506 6.887 3.812 0.0 12.753 39.748
1 arll 0.8512 0.039 21.814 0.0 0.775 0.928
2 sigma2 0.0440 0.005 8.439 0.0 0.034 0.054

AIC: -37.06

19/30



P We compare £it0 with a linear trend model, coded as fit1.
P The covariate is included via the exog argument.

fitl = SARIMAX (huron_jan, order=(1, 0, 0),

exog=year_jan) .fit() g
b, SH14) oo il T 1
\ coef stdem/z P>[z| [0.025 0.975]

0 x1 20.0055Y0.243) -0.023 0.982 -0.482 0.471
1 arll 1.0000 0.001 780.962 0.000 0.997 1.003
2 sigma2 0.0466 O. 005 8.689 0.000 0.036 0.057

NEEL frend= ', it e tan Fa
AIC: -15.71 op%rwm}m b ACMsistRit,

S uPdmEd SLIDES
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Setting up a formal hypothesis test

P To talk formally about these results, we must set down a model
and some hypotheses.
P Writing the data as y;., collected at years ;. ,, the model we

have fitted is (inegs
r~"-"\

(1= B)(Y,, — = Bt,,) = €, (5)

where {¢,} is Gaussian white noise with variance o2. Our null
model is
HO:p=0, (6)

and our alternative hypothesis is

HW : B +£0. (7)

21/30


randall-stat-ionides


Question. How do we test H'? against H (! ?Construct two
different tests using the Python output above. Which test do you

think js more accurate, and why?, 2 00055 _ _0.023

(. oot et ot s z?gg%_) =

P-value %1 but ngpe we ot 10N Hors “’“’735,
2. Glelbod oo Fer . L
ZAIO%MQ_ = AAC —*ZAJ:F. = ~’3?"06~(~!5-'~)—D+ -

= 1935 ‘%ﬁ%'l This 5 LY s o

. tn 0${|BL2 f
Question. How would you check whethér your preferred test is €dv,

indeed better? What other supplementary analysis could you do to
strengthen your conclusions?

We Mffj/‘t exput LRT 4o ke twe aeonlFe Fhen T+

s %@NQ‘U rovuat niam Ho Ozyymtahﬁ-cs, |
""‘Q-)fl 'h‘-a(—ﬂl/ M‘\/’L’-’) (/[MJ 'HQ_ CrRv 1N "H,\Q_ M,\D

See UFdATED SLDES
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Testing for trend vs unit root: The ADF test

Definition: A time series model has a unit root if its first
difference is stationary.

P> For linear time series models, this corresponds to a (1 — L)
factor in the AR specification, and hence an AR polynomial
root of 1.

P A unit root corresponds to a “stochastic trend” (formally an
oxymoron) described by a random walk.

The augmented Dickey-Fuller (ADF) test has this null
hypothesis_[“n\kﬂ. 4 A& Unt I??\rtx,

P The ADF test is sometimes called a test for “stationarity”.
However, non-stationary models may remain non-stationary
after any amount of differencing. e.g., any model with
non-polynomial trend.

P Assessing evidence for a trend is better than applying an ADF
test for a unit root if a model with trend is statistically (or 23/30
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Question. Which of y1, y2, y3, y4 do you think will be considered
T —

non-stationary by a unit root test?
-

np.random.seed (42)
n = np.arange(101)
epsilon = np.random.normal(0, 1, len(n))

yl = 2#n/100 + epsilon

y2 = np.exp(1.5%n/100) + epsilon
y3 = np.sin(2*np.pi*n/200)

y4 = n*(100-n) /2500

"/h*{igﬂﬂdn¢40f7“'la AnE !l hﬁﬁm*aﬂéll U th&cﬁzQ.

24/30


randall-stat-ionides

randall-stat-ionides


ADF- vt

31 57
-
2 B
34
$ 11 g
3 2,
> >
0 1
-1 0 1
0 20 40 60 80 100 0 20 40 60 80 100
n n L4
. . TAYF-vue ot
ANF- s, 43 puh JOF
1.0 4 1.0
0.8 - 0.8
o 0.6 1 v 0.6 1
=] =)
3 3
> 0.4+ > 0.4
0.2 1 0.2 1
0.0 1 0.0
0 20 40 60 80 100 0 20 40 60 80 100

25/30


randall-stat-ionides

randall-stat-ionides

randall-stat-ionides

randall-stat-ionides


Result of adfuller()

data: yi1

Dickey-Fuller = -1.7834, Lag order = 4, p-value = 0.3887
Alternative hypothesis: stationary

data: y2
Dickey-Fuller = -0.8051, Lag order = 4, p-value = 0.8176
Alternative hypothesis: stationary

data: y3

Dickey-Fuller = -94217355042311.1562, Lag order = 11, p-
value = 0.0000

Alternative hypothesis: statiomnary

data: y4
Dickey-Fuller = 0.0861, Lag order = 10, p-value = 0.9651
Alternative hypothesis: stationary

NIt : Hle D-valws ax Very Lffvet o
P adfAut (O reexcted 1n 53w 25
S updlcded slLes
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When to use the ADF test

P If you are interested in a null hypothesis of a random walk
against an alternative of a stationary ARMA model, then this
test is applicable.

P Generalizations of ADF claim to identify random walks on top
of a nonlinear trend, but distinguishing these two options is
hard and beyond our scope.

P Most midterm projects benefit from avoiding the ADF test and
focusing on a direct investigation of the evidence for trend or
other non-stationary behavior.
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Further reading

P Section 3.9 of Shumway and Stoffer [2] discusses SARIMA
modeling.

P Section 3.8 of Shumway and Stoffer [2] introduces regression
with ARMA errors.
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