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8.1 INTRODUCTION

Disease dynamics are modeled at a population level in order to create a conceptual
framework to think about the spread and prevention of disease, to make forecasts
and policy decisions, and to ask and answer scientific questions concerning disease
mechanisms such as discovering relevant covariates. Population models draw on
scientific understanding of component processes, such as immunity, duration of

infection, and mechanisms of transmission, and investigate how this understanding
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relates to population-level phenomena. There are several compelling reasons to

consider disease processes at this population scale:

1. Anthropogenic change in land use, climate and biodiversity has many poten-
tially large public health impacts (Aguirre et al., 2002). Predicting the future
effects of changes to a complex system is difficult. Retrospective studies of the
relationship between climate and disease prevalence over space (Greene et al.,
2006) and over time (Radet al., 2002) can aid predictions and inform pol-
icy decisions (Kovats and Bouma, 2002). A major challenge in retrospective
studies is to disentangle the extrinsic effects of climate or other environmental

drivers from the intrinsic disease dynamics (Koelle and Pascual, 2004).

2. The effectiveness of medical treatment and vaccination strategies for certain
infectious diseases, such as malaria and cholera, is limited by drug resistance,
genetic shift, and poor medical infrastructure in affected regions. This leads to
an emphasis of controlling the disease by behavioral and environmental inter-
ventions. An ability to model the disease dynamics can be used to forecast the
danger of a major epidemic (Thomson et al., 2006), a step toward implementing

effective interventions.

3. Emerging infectious diseases pose a significant public health threat. Many
important emerging infectious diseases are zoonotic, i.e. endemic animal
diseases which cross over to humans. Examples include HIV/AIDS from
chimpanzee and sooty mangabey (Hahn et al., 2000), SARS from bats (Li
et al., 2005) and avian flu (Longini et al., 2005). Epidemics are best prevented

by early containment of outbreaks. Containment strategies may be evaluated
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using population models (Longini et al., 2005). Alternatively, one can attempt

to monitor and control the disease in the animal population to reduce contact
between humans and infected animals. This can be assisted by employing
population models to gain an understanding of the dynamics of the disease in

the animal population.

Since the pioneering work of Ross (1916) and Kermack and McKendrick (1927),
mathematical modeling has been a mainstay of epidemiological theory. It has also
long been recognized that disease models arising in epidemiology are closely related
to population models arising in ecology (Bartlett, 1960): the population dynamics
of an infectious disease arise from the interaction of host and pathogen species in
the context of their environment. This chapter explores some new developments in
statistical inference for nonlinear dynamical systems from time-series data, using

cholera in Bangladesh as a case study.

8.2 DATA ANALYSIS VIA POPULATION MODELS

A mainstay of population modeling is the compartment model, where the population

is divided into groups which can be considered to be homogeneous. The classical SIR
compartment model (Kermack and McKendrick, 1927; Bartlett, 1960) grois-

dividuals as susceptible; ), infected(I;), and recovered or remové®;). Exposed

classes, age-structured classes and geographically structured classes are just some of
many possible extensions. Population models may use continuous or discrete time,
take continuous or discrete values, and be stochastic or deterministic. Real world

processes are continuous time, discrete valued, and stochastic. Stochasticity arises
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from demographic noise (variability due to uncertainty of individual outcomes, such
as the number of contacts made with an infected individual) and from environmental
noise (such as variability due to weather, or economic events affecting the whole
population). To a first approximation, demographic stochasticity has variance linear
in population size and environmental stochasticity has variance quadratic in popula-
tion size, though more subtle distinctions can be made (Engen et al., 1998). Models
must also choose to be mechanistic or phenomenological, really a continuous scale
trade-off between incorporating scientific understanding and aiming for a simple
description of relationships observed in data (Ellner et al., 1998). Developing tech-
nigues that draw on understanding of population dynamics, while also permitting
statistical inference about unknown model parameters and exploration of relevant
covariates, is a topic of current research interest (Bjgrnstad and Grenfell, 2001).
Data are often aggregated over time and space, such as weekly or monthly
counts per region. This has led to the use of discrete-time models for data anal-
ysis. Finkensidt and Grenfell (2000) and Koelle and Pascual (2004) represent the
state of the art for data analysis via discrete-time mechanistic modeling, using a
Taylor series to generate a log-linear model with unobserved variables reconstructed

via back-fitting. There are several reasons to prefer continuous-time models:

1. For discrete-time models, the sampling frequency affects the models available
and the interpretation of the resulting parameters. The underlying continuous-

time processes are most naturally modeled in continuous time.

2. Continuous-time modeling facilitates the inclusion of covariates measured at

various frequencies.
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3. Continuous-time disease models have been studied much more extensively
from the mathematical point of view than their discrete-time counterparts (Bai-
ley, 1975; Anderson and May, 1991; Hethcote, 2000; Diekmann and Heester-
beek, 2000). This focus represents both that continuous-time models more
accurately reflect the real properties of the systems and that such models are
relatively easy to analyze. Most data analysis, on the other hand, has made use
of discrete-time formulations, which can be fitted to discretely-sampled data in
a relatively straightforward fashion. However, the dynamics of discrete-time
nonlinear systems are frequently at odds with those of their continuous-time
analogues (May, 1976; Glass et al., 2003), a fact which can complicate the

interpretation of the parameters of discrete-time models.

Strategies appropriate for fitting continuous time models to discretely observed
data include atlas methods (Turchin, 2003), gradient matching (Ellner et al., 2002),
and approaches based on nonlinear forecasting (Kendall et al., 2005). Likelihood
based analysis (frequentist or Bayesian) has largely been overlooked because finding
the likelihood involves the difficult task of integrating out unobserved variables.

Maximum likelihood estimates (MLESs) have some considerable advantages:

1. Statistical efficiency: The MLE is typically efficient (makes good use of limited

data).

2. Transformation invariance: for example, estimates do not depend on whether

the model is written using a log or natural scale.
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3. Asymptotic results: the 2nd derivative of the log likelihood at its maximum
can be used to give approximate standard errors. This means that simulations

to understand variability in estimates are not usually necessary.

4. Model selection: likelihoods are comparable between different models for
the same data. In particular,x& approximation is often appropriate: f
parameters are added to a model and the increase in the log likelihood is large
compared to a1/2)xf) random variable then the fit is a statistically significant

improvement.

Bayesian analysis is also attractive, since previous research may be available to
provide an informed prior. Bayesian methods have been used for population models
(Thomas et al., 2005; Clark and Bjgrnstad, 2004). For this chapter we consider MLE
methods, but the computational issue of integrating out unobserved variables arises
in a similar way with Bayesian methods.

Evaluation of the likelihood and determination of the conditional distribution of
unobserved variables given data are computationally approachable in a broad class of
time series models known as state space models (SSMs). SSMs have been proposed
as a unifying framework for ecological modeling (Thomas et al., 2005). Likelihood
based inference has been shown to outperform other more ad-hoc statistical model
fitting criteria for population models incorporating process noise and observation error
(de Valpine and Hastings, 2002). The linear, Gaussian SSM (Kalman, 1960) became
fundamental to engineering, for signal processing and control theory (Anderson and
Moore, 1979), and found applications in economics (Harvey, 1989). Early attemptsto

handle nonlinear SSMs were plagued by the lack of computational ability to evaluate
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the likelihood, so inference resorted to ad-hoc methods (Anderson and Moore, 1979).
Brillinger et al. (1980) provides an early ecological application of nonlinear SSMs.
The development of Monte Carlo methods for nonlinear SSMs, combined with in-
creases in computational capability, has made likelihood based inference feasible for
increasingly general nonlinear SSMs. This gives the modeler considerable freedom
to write down an appropriate model without undue concern for inferential feasibil-
ity. There are two main approaches to Monte Carlo inference for SSMs: Sequential
Monte Carlo (Gordon et al., 1993; Doucet et al., 2001; Arulampalam et al., 2002)
and Markov Chain Monte Carlo (Shephard and Pitt, 1997). This chapter focuses on
Sequential Monte Carlo (SMC), which is more widely used for SSMs and simpler to
implement. A careful comparison between SMC and Markov Chain Monte Carlo is

still, to the authors’ knowledge, an open problem.

8.3 SEQUENTIAL MONTE CARLO

An SSMis a partially observed Markov process. The unobserved Markov process,
x4, called thestate procesdakes values in state spaceY’. Theobservation process

y; takes values in apbservation space), andy; is assumed to be conditionally
independent of the past given. Here, we taket' to beR?% and) to beR? . There

is also a vector of unknown parametérss R%. We suppose that observations
take place at discrete times,= 1,...,7. We further suppose that all required
densities exist, and we adopt a convention that| -) is a generic density which

is then specified by its arguments. We write concatenated observations as

(y1,-...,yt). Forthe case = 0, y1.¢ is defined to be an empty vector. The properties
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of a state space model are

fﬁ(xt|x1:t717y1:t71) = f()(xt|$t71) (8.1)
fe(yt‘xlztyylztfl) = folyelzs) (8.2)
The dependence ahwill be written explicitly only when necessary for clarity. In

principle, the assumed Markov structure in (8.1) and (8.2) allows the likelihood,

fo(y1.T), to be found recursively via the identities

f(@elyre—1) = /f(xt—1|y1:t—1)f($t|93t—1)dl‘t—l» (8.3)
_ F(@e|yr:e—1) f (el e)
fladure) = f f(illt\y1,t—1)f(yt|17t) day’ ®4)
fline) = [ Fule)f ol de, (8.5)
T
flyrr) = H fWelyr:e—1) (8.6)
t=1

In practice, this requires solving potentially challenging integrals. Following Kita-
gawa (1987), de Valpine and Hastings (2002) showed how these integrals could
be solved numerically for relatively simple population models. For more complex

models, one may employ an SMC method such as Algorithm 1.
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Algorithm 1. Sequential Monte Carlo (SMC).

Initialize : Let {X({j,j =1,...,J} be a sample draw fronfi(zy). TheseJ
realizations are commonly termed “particles”. Each particle will give rise o a

trajectory through the state space with distributfdm; |y.;).

FORt=1toT

e Move particles according to unconditional state process:

Make X", adraw fromf (z¢|z;_1=X/", ;). Then{ X[} has approximate

=)

marginal distributionf (z|y1.¢—1). {ij} is said to solve the predictio
problem at time:.
e Calculate conditional likelihood of new observation:
Estimatef (y|y1..—1) by (1/J) S, f(yelze = XF).
e Prune particles according likelihood given data:
GenerateX/"; by resampling fror{ X;} with probability proportional to

w; = f(ylx,=X[";) using Algorithm 2 (below).{ X}’;} has approximate

>

marginal distributiory (z;|y1.¢)- {ij} is said to solve the filtering probler

at timet.

END FOR

Calculate log likelihood: log f(y1.7) = Zthl log f(ytly1:4—1)-
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Algorithm 2. Systematic Resampling.
Input: J “particles” {Xt{’j,j = 1,...,J} with weights {w; =
f(yt\l‘t:ij)}
Calculate cumulative sum of normalized weights
FORj = 1to J sete; = (0_, wi) /(X1_, wy)
Resample cumulative sum at intervals ofl / J:
Seti = 1 andu ~ U0, 1]
FORj =1toJ
e WHILE (j —u)/J >¢;seti=i+1
e SetX/[, = X[,. This resampling generates a tree structure, whgfgis
said to descend front /" | ;.

END FOR

Output: J “particles” {X[,j =1,...,J}

The reader is referred to Arulampalam et al. (2002); Doucet et al. (2001); Liu
(2001) for extensive discussions of Algorithm 1 and 2, with many possible variations.
There are many ways that Algorithm 1 can be fine-tuned to be more computationally
efficient. A more critical issue, in the authors’ opinion, is how to use the output of
Algorithm 1 for effective inference. Although Algorithm 1 is widely applicable for
calculating the likelihood at a fixed value &fcomplications arise for both Bayesian
and MLE methods, which must compare likelihoods for different values of

Bayesian inference might appear straightforward: simplyéadtthe state space.

The initial particles are then drawn froif(x, #) and the particle filter will then
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produce a sample frorfi(f|y.1.7). Each particle at time has exactly the same value

of # as its ancestor at time— 1, and the prior distribution ol is updated via

the SMC algorithm giving particles with successful value9 afiore descendants.
The catch is that the SMC algorithm degenerates when there is no variabilitydn the
component of the state process after 0. Heuristically, the particles in SMC evolve

by natural selection according to their plausibility given the data. Particles whose
component are fixed over time are analogous to natural selection without mutation,
which produces only limited scope for evolution. One solution to this is to allow
the parameter to vary slowly with time by adding noise (Kitagawa, 1998). If this
modification to the model is considered unacceptable, Liu and West (2001) showed
how to add noise to the parameters but balance this by simultaneously contracting
the parameter distribution toward its mean. The method of Liu and West (2001) has
been applied to ecological models by Thomas et al. (2005); Newman and Lindley
(2006).

The difficulty for finding the MLE is that the likelihood is calculated with
Monte Carlo error. One useful tool for optimizing functions calculated via Monte Carlo
is the method of common random numbers (Spall, 2003, Section 14.4), which in-
volves fixing the seed of the random number generator. This method requires syn-
chronization of the Monte Carlo randomness, which is not directly applicable to
SMC techniques. General stochastic optimization methods of the Robbins-Monro
type (Robbins and Monro, 1951; Kiefer and Wolfowitz, 1952; Spall, 2003) are not
applicable for problems where there are many unknown parameters and each function
evaluation is a considerable computational expense. The elegant methodzefdt

and Kinsch (2001) for calculating local likelihood surfaces is also not readily ap-
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plicable to relatively difficult problems—it is more computationally intensive than
standard SMC methods such as Algorithm 1. lonides et al. (2006) showed how to
find the MLE by taking a limit where the noise, added in a similar way to Kitagawa
(1998), shrinks to zero. This novel method is described in Algorithm 3 and is applied

to a cholera population model in Section 8.4.
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Algorithm 3. MLE via iterated filtering.

Initialize : Selecty™ > 91 > g'° to be vectors giving a plausible initial valy

D

and range for the parameters. Select scdlatsa < 1, C andN.

FORn =1to N

e Apply SMC (Algorithm 1) with 8 included in the state space as a time-

varying parameter, evolving as

00 ~ ng (0(71)’ Cz’n)

0t|0t—1 ~ ng(et_l,zn) for t:2,...,T,

where the covariance matrix, is defined by[s,]l/* = [(6% —

0'°)/2v/T]; "~ and [,];; = 0 for i # j. Each “particle” is now &

pair, e.9.(X/;,07;).

.50

e Calculate updated estimate:

J
0, = (1/0)> 60, for1<t<T
j=1
J
Vi = (D00 -8)05-6)7)/(J - 1)+,

j=1
fori<t<T-1
T—-1

g+l — ( Z(Vt_l _ Vt:rll) b, + VT_léT>
=1

END FOR

The MLE is estimated ag = (N +1)
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Algorithm 3 is appropriate when information about parameters arrives steadily
throughout a time-series. Heuristically, it gains computational efficiency because
the parameter estimate is being constantly updated throughout each iteration. Each
iteration would correspond to one evaluation of the likelihood for a general purpose
optimization algorithm. In Section 8.4y = 20 or N = 30 iterations are sufficient
to optimize a stochastic function of 13 variables, without availability of analytic
derivatives. This computational efficiency is critical when each iteration takes around
30 minutes to compute.

In certain situations, such as estimating the initial value veegotinformation
about a parameter does not arrive steadily throughout a time-series. In this case,
Algorithm 3 is not effective. I1fx, } is stationary then;;, can be drawn from the sta-
tionary distribution. If{z} is not stationary, one can either pick some more arbitrary
distribution forz or treatzy as an unknown parameter (in the frequentist sense). We
choose to do the latter, and estimagdy maximum likelihood simultaneously with
by applying Algorithm 4, which has a similar theoretical justification to Algorithm 3
(lonides et al., 2006). The value 6§ in Algorithm 4 should be as small as possible
such thatyr;, +1.7 contains negligible additional information abauf, beyond that
contained iny;.1,,. This compromise is known as fixed lag smoothing (Anderson and

Moore, 1979).
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Algorithm 4. MLE via iterated filtering, for initial values.

(1)

Initialize : Selectr! > z;’ > =i to be vectors giving a plausible initial valye

and range for the initial values. Select scalaks o < 1, T, andN.

FORn =1to N

o Apply SMC (Algorithm 1) with X[, ~ Ny, (2", ®,,) where[,];/* =

[(zb' =) /2] "~ and[®,, ] = Ofori # k. Foreach particl&(/, track

label of the corresponding initial value, denotgd, 7). In the terminology

of Algorithm Z,ij descends frorﬂ({a(t i)

e Calculate updated estimate:a:é"H) =(1/J) Z}'le X(fa(TM.)

END FOR

The MLE is estimated a$, = 2"

Algorithms 3 and 4 are different variations on the same theme of using limit-
ing Bayesian posterior distributions to find maximum likelihood estimates. Both
algorithms can be combined, so that one filtering iteration updates estimates of all

estimated parameters, including initial value parameters.

8.4 MODELING CHOLERA

Cholera is a diarrheal disease endemic to the Ganges delta region (Sack et al.,
2004). Global pandemics have occurred throughout recent history. The current
(7th) pandemic started in 1960 and has seen the O1 serogroup become established
in various locations throughout south Asia, Africa and South America. Cholera is

caused by virulent strains &fibrio cholerag a bacterium that can live and grow in
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Fig.8.1 Compartmentmodelfor cholera. Eachindividual i$isusceptible) (infected) or
one of the classeR’ (recovered). Transitions tB and D model birth and death respectively.

The arrows show possible transitions, with superscripts showing transition rates.

brackish, warm water. Human-to-human transmission can be direct, through contact
with stool from infected individuals, or indirect, via the environment. There is not

a clear distinction between these two paths: we separate them by supposing that
the increase in force of infection depending on the number of infected individuals
is due to human-to-human transmission. The environmental reservoir is taken to be
responsible for the background force of infection (extrapolating to a situation with
no infected humans). A compartment model describing the basic features of disease
transmission is shown diagrammatically in Figure 8.1. Formally, the diagram in

Figure 8.1 corresponds to a set of equations,

dS, = dNBS —dNST — dNSP 4 dNE'S
dl, = dNFT—dN/® —dN[P

dR! = dN]B —dNF'R _gNF'P

dRF = aNF'RY _gNE'S _ gNE'DP
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Here, time is measured in montlts;is the number of individuals in class(suscep-
tible) and the infinitesimal.S; is defined such tha; = Sy + fot dsS,. For example,
NZT corresponds to the total number of individuals who have passed $roon/

by timet. Thek recovered classes allow for flexibility in modeling the time from
infection to loss of immunity, at which point an individual becomes newly suscepti-
ble. This temporary immunity, with a duration of 3—10 years, is believed to be a key

feature of the population dynamics of cholera. We use a model developed by lonides

et al. (2006):
dANPT = Sy dt + Sy AW, (8.7)
we = Pdy/Pr4w
Py = €It/Pt

Here, population sizé’, is interpolated from available census data, and is pre-
sumed to be accurately known; seasonal transmissibility is modeleg@s) =
Z?:O b;js;(t) where{s;(t),j = 0,...,5} is a periodic cubic B-spline basig;

is anenvironmental stochasticitgarameter, modeling noise on the environmental
scale (with infinitesimal variance proportional$g); w corresponds to a non-human
reservoirof diseasep, I,/ P; is human-to-humamfection; 1/~ gives mean time to
recovery;l /r is the mean time to loss of immunity following recovery, witlgiving

the shape of this distribution, andm, are the death rates among uninfected and

infected individuals respectively. The remaining transition equations were modeled
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deterministically:

ANIR" = I, dt; ANF' 'R = kR dt;

ANE'S = rkRFdt; ANSP = mS,dt; ©.8)
ANIP = m,I, dt; ANF'P = mR!dt; '
ANPS = dP,+dNPP +dN{P + 55 dNF'P

Defining C; = N/P — N/B = [ dN!IP, the number of cholera mortalities
between monthly observation times, the data on observed mortality were modeled
conditional onC; asy; ~ N[pC;, p(1 — p)C; + 72p?>C?] with reporting ratep.

The variance componept1 — p)C; models demographic stochasticity via binomial
sampling variation. Environmental stochasticity is modeled #4a>C?, which
dominates demographic variability for largg and is found to be appropriate when
fitting (8.7) and (8.8) to data. The dominance of environmental stochasticity has been
assumed implicitly in previous analyses of similar data, by modeling additive noise of
variancer? in log(pC;) (Finkensidt and Grenfell, 2000; Koelle and Pascual, 2004).
Demographic variability is non-negligible whér) is small, and can be included in

our framework without adding any additional parameters.

Continuous-state population models, such as the model given by (8.7) and (8.8),
are more convenient for data analysis than discrete-state population models. Theoret-
ical results and simulation studies of population models often resort to demographic
(Poisson) variability, using the rates in Figure 8.1 to define a continuous-time Markov
chain. Apart from the inherent appropriateness of discrete populations, the Markov
chain approach has the advantage that no extra parameters, beyond the rates, are
needed to describe the stochasticity. However, demographic stochasticity alone is
not always sufficient to describe observed variations in data; for cholera, demo-

graphic stochasticity is entirely inadequate. If extra variability has to be introduced,
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stochastic differential equations (SDES) provide a simple way to do this. SDEs are
a natural extension to the ordinary differential equation (ODE) systems already used
for describing population dynamics. Other examples of the use of SDEs to provide
a framework for modeling and data analysis include Kendall (1974); Brillinger and

Stewart (1998); Brillinger et al. (2002); lonides et al. (2004). There are several mis-
conceptions about SDEs that explain why they are not currently more widely used

for modeling. These are listed below, with refutations:

1. The theory of SDEs is inaccessible and obscure. However, numerical solution
of SDEs is now well established (Kloeden and Platen, 1999; Higham, 2001).
This allows development and exploration of models that would be hard to
investigate analytically. In particular, application of the inference methodology
in Algorithms 3 and 4 for the model in (8.7) and (8.8) requires only numerical

solution of the system of SDEs.

2. There may be little reason to think that Gaussian white noise is a plausible
stochastic driver for the system under investigation. Supplying random co-
efficients to an ODE or Markov chain adds lower frequency “colored noise.”
However, most practical time series models, such as the ARMA framework
(Shumway and Stoffer, 2000), use white noise as the basic building block.
This noise is often modeled as Gaussian, for convenience, and the data may
sometimes be transformed to increase the plausibility of this assumption. Solu-
tions to SDEs driven by Gaussian white noise include almost all non-Gaussian

continuous time, continuous sample path Markov processes (Jksendal, 1998).
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Smooth, low frequency noise can be modeled by adding white noise to a

derivative of the process of interest.

3. Much discussion has occurred in theoretical modeling literature concerning
different possible interpretations of an SDE. The two most popular interpreta-
tions are the f and Stratonovich solutions (Jksendal, 1998). The distinction,
involving the exact way the SDE is solved as a limit of finite sums, should
have little scientific relevance. Meaningful scientific conclusions should not
depend on the choice of interpretation of SDE (lonides et al., 2004). Numerical
solution is most straightforward for theédlsolution, so that is the one adopted

here.

8.4.1 Fitting structural models to cholera data

Maximizing a nonconvex function of more than a few variables is seldom routine,
especially when the function is evaluated by Monte Carlo methods. Algorithm 3
provides a way to leverage the special structure of an SSM for optimization, but
diagnostic checks are necessary before one has confidence in the results. Beyond
the standard approach of trying various initial valu¢d)( 6'° and#") one should
assess the choice of the two variabteand C for Algorithm 3. If « is too small,

the rapid decrease in step size in Algorithm 3 may leave the algorithm stranded,
unable to reach the maximum. This is analogous to excessively rapid cooling in
simulated annealing (Spall, 2003). dfis too large, insufficient cooling will occur
within a reasonable computation time. These issues can be diagnosed by plotting

(") againstn for several values af andd"), looking for consistent convergende.
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is a dimensionless constant controlling the initial dispersion of the parameter values,
relative to their random perturbations through timeClfs too small, the algorithm
converges slowly. IfC is too large, the algorithm is less stable and converges
erratically. This can be assessed by the same type of convergence plot usedrfor
by the observation that a good choice(dis one which make¥; fairly stable as a
function oft.

The likelihood surface near the convergence pdintan be further examined by
“sliced likelihood” plots. Setting\(¢) = log fo(y1.7), the sliced likelihood foW;
plots )\(é + ¢d;) againstéi + ¢, whered; is a vector of zeros with a one in thg*
position. 1fd is at (or near) the maximum of each sliced likelihood plot thei
(approximately) a local maximum o¥f(#). Computing sliced likelihoods requires
moderate computational effort, linear in the dimensiordof A smoothed fit (as
suggested by lonides, 2005) is made to the sliced log likelihood, bemaﬁsecéi)
is calculated with a Monte Carlo error. Figure 8.2 shows a convergence and sliced
likelihood plot for a simulation study, presented in lonides et al. (2006), using the
cholera model in (8.7) and (8.8). The deviation between the MLE and the true
parameter value is due to the finite length (50 years) of the simulated dataset. In
some generality, the MLE for state space models is consistent and asymptotically
normally distributed (Jensen and Petersen, 1999).

Sliced likelihoods can be used to generate standard errors, since calcm[aﬁting
¢d;) involves findinglog fé+c51 (yt|y1.t—1). Regressindog féﬂ&i (yt|ly1.t.—1) on ¢

gives an estimate ofd/d0;)log f4(y:|y1..—1), giving rise to an estimate of the
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Log likelihood
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Fig. 8.2 (A, B) Examples of convergence plots for a simulation from (8.7) and (8.8) with
four different starting points, validating the convergence of Algorithms 3 wits 0.9 and

C = 20. The dotted parabolic line corresponds to a sliced likelihood thrcﬁJgI(\C, D)
Corresponding closeups of the sliced likelihood. The dashed vertical linedsaat the

solid vertical line is at the true value éf The simulation was carried out with = 0.43;

e = 0.289; by = —1.48; by = 2.42; bs = 0.02; bs = —0.98; by = 0.02; b5 = 3.02;

72 =002 w=25x10"%m. =119~y = 1; k = 4, 1/r = 120; 1/m = 600.

The last four of these parameters were treated as known, and the remaining parameters were

estimated, using Algorithm 3 with = 9000.
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Fig. 8.3 Profile log likelihood ) (b4)) for the August seasonal parameter. The log like-
lihood was maximized over all parameters excluding(circles) and was then smoothed
(dashed line) using non-parametric regression (lonides, 2005; Cleveland et al., 1993). The
dotted lines show the construction of an approximate 95% confidence interval, given by
{ba = 2\ (ba) — Ay (b1)] < X3.95(1)} wherex2 g5(1) is the 0.95 quantile of &>

random variable with one degree of freedom apd= argmax\ () (bs).

observed Fisher information
T
[Zrli; = Y _(0/06:)1og fo(yelyr:1—1)(9/00;)10g fo(yelyre—1)  (8.9)
t=1
where the derivatives are evaluatedat . This leads to a corresponding estimate
7! for the covariance matrix af.
A superior way to find confidence intervals is via a profile likelihood (Barndorff-
Nielsen and Cox, 1994). If is partitioned into two components and n then

the profile log likelihood ofy is defined (Barndorff-Nielsen and Cox, 1994) by

Ap)(n) = sup A(C, n). The optimization required for the profile likelihood can be
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carried out using Algorithm 3. Calculating the profile likelihood for each parameter
therefore requires approximately times the computational effort of the sliced
likelihood (typically, N is between 20 and 30). The optimization also introduces
additional Monte Carlo variability over a simple likelihood evaluation. Figure 8.3
shows the profile likelihood for a parameter of the model in (8.7) and (8.8). This
parameter was selected because the profile likelihood confidence interval constructed
in Figure 8.3, of width 0.27, was considerably different from the approximation
using (8.9), of width 0.10. This rather large discrepancy arose because the quadratic
approximation in (8.9) is overly optimistic when some nonlinear combination of
the parameters is poorly estimable. The extra computation required to calculate a
profile likelihood is evidently worthwhile for a parameter of particular interest. The
guadratic approximation can be calculated more routinely, to get a general idea of
the scale of uncertainty.

The model in (8.7) and (8.8) was fitted to historical data for Dhaka, Bangladesh
(Bouma and Pascual, 2001; Rt al., 2002; Koelle and Pascual, 2004), shown in
Figure 8.4A. Our resulting estimate of the seasonal transmissibjlitg shown in
Figure 8.4B. Observed mortality is seen to have two seasonal peaks which appear
later than the peaks in transmissibility. The winter dip in mortality has been ascribed
to reduced environmental viability & choleraein colder temperatures. The early
January local minimum in transmissibility is consistent with the early January mini-
mum in mean temperature in Dhaka. The summer dip in mortality has been ascribed
to dilution of V. choleraedue to monsoon rainfall. The monsoon season in Dhaka

is May to September, with greatest average rainfall in July. Fitting (8.7) and (8.8),
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Fig. 8.4 (A) Cholera mortality for Dhaka, Bangladesh, from 1891 to 1940. (B) Monthly
averages of Dhaka cholera mortality (boxes) and the seasonal transmisgip{litytted line)

from fitting (8.7) and (8.8).
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Fig. 8.5 Sample autocorrelation function for the standardized residuals when fitting (8.7) and

(8.8) to the data in Figure 8.4.

the transmissibility is seen to decrease too soon to be explained fully by rainfall.

Snow-melt from the Himalayas is one candidate to explain this discrepancy.
Investigating residuals is a routine diagnostic check in time series and regres-

sion analysis. The most basic residuals to consider for SSMs are the standardized

prediction residuals,

w(0) = [Varé(ytlylzt_ﬁ]’w (ye — E3(yely1:e-1)),

though there are other possibilities (lonides et al., 2006; Durbin and Koopman, 2001).
Checking whether the residuals are approximately uncorrelated is a way to test the
goodness of fit of the model. Residuals also have an important role in the search for
covariates. Inasmuch as the model successfully captures the intrinsic dynamics of
the disease, the residuals are left with the system noise plus signal from the extrinsic

variables, such as climate. From this point of view, features that the intrinsic model
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cannot capture are as important as those it can! A more flexible model might fit the
data better, but only by explaining variation that in fact has some extrinsic origin.
The next step after identifying covariates is to include them in the model. This is not
necessarily an easy task — even explaining seasonality can be a challenge (Pascual
and Dobson, 2005). For example, both rainfall and drought can initiate cholera
epidemics. The low frequency component of residuals from a time series model fit to
cholera data has been found to match various plausible environmental drivers, such
as rainfall, river discharge and EIf\ indices (Koelle et al., 2005). Fitting the model

of (8.7) and (8.8) results in less than perfectly white residuals (see Figure 8.5). The
residuals nevertheless give evidence of increased cholera infection in Dhaka after the
monsoon during El Niio conditions (lonides et al., 2006), and this association is not
evident from the original time series. How best to include environmental covariates
in a mechanistic model is a topic for future investigation. However, the methodology
in Section 8.3 both provides a tool to identify covariates and a flexible framework for

including them in a mechanistic way.

8.5 CONCLUSION

Six key areas requiring further development for time series analysis of population
data were identified by Bjgrnstad and Grenfell (2001). They may be summarized
as follows: (i) including measurement error in mechanistic modgilsmechanistic
modeling of environmental forcingiii) ecologically realistic continuous time mod-
els; (iv) reconstructing unobserved variabl€g) identifying interactions; andvi)

spatio-temporal modeling. The cholera modeling example in Section 8.4 demon-
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strates that the SSM approach in Section 8.3 can be used to adighggs In
addition, likelihood based model comparison then provides an approdeh ttn
principle, one can write down a spatial-temporal SSM to addpéss In practice,

the dimension of the state space typically scales linearly with the number of spa-
tial locations considered, and high dimensional state spaces increase the numerical
burden on the SMC method. For large spatial-temporal problems, such as data as-
similation in atmospheric and oceanographic science, SMC is not feasible. Related
techniques have been developed for data assimilation (Evensen and van Leeuwen,
1996; Houtekamer and Mitchell, 2001), employing an ensemble of numerical solu-
tions of a spatial-temporal model to approximate the conditional distribution given
data. Alternatively, spatial-temporal variability can be incorporated through random
effect models (Wikle, 2003; Wikle et al., 1998; Berliner et al., 2000). More progress

is necessary before SMC techniques can be routinely applied to spatial-temporal data.
However, SMC provides an effective and flexible tool for partially observed stochas-
tic nonlinear dynamical systems of moderate dimension, allowing freedom to develop

models based on scientific principles rather than on methodological constraints.
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