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Example: surveillance for emerging SARS-CoV-2 variants

nextstrain.org (Hadfield et al., 2018)
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Example: surveillance for emerging SARS-CoV-2 variants
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What is phylodynamics?

Broadly:
Phylodynamics is the project of inferring

determinants of epidemic spread
using

genomic data from pathogen samples.

In this talk:
Phylodynamics means using

genomic data
to infer

stochastic dynamic transmission models.
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Core problems of phylodynamics

genome sequences

genealogy

stochastic transmission model

information flow

5 / 30



Core problems of phylodynamics

stochastic transmission model

genealogy

genome sequences
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Core problems of phylodynamics

S “ set of genome sequences
Φ “ genealogical tree relating the sequences
E “ sequence evolution model
D “ dynamic, stochastic transmission model
Y “ other time series data

L “ f pS,Y|D,Eq “

ż

f pS|Φ,Eq f pΦ,Y|Dq dΦ

f pS|Φ,Eq “ phylogenetic likelihood
f pΦ,Y|Dq “ phylodynamic likelihood
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Current approaches

Coalescent models
asymptotic large-population justification
naturally studied backwards in time
hard to relate formally to small-population models specified forwards in time, except in
special cases.

Linear birth-death processes
tractability stems from independence of lineages
simple branching models struggle to explain nonlinear phenomena such as susceptible
depletion.
linearization is possible under large-population, small sample-fraction assumptions

How can we investigate scientifically motivated nonlinear models?
An exact likelihood-based method would be statistically efficient.
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Overview

We show how a given population process
induces a unique genealogy process.
Pruning and obscuration project a genealogy
onto observable data.
We derive the exact likelihood as the solution to
a nonlinear filtering problem
This equation can be solved by standard Monte
Carlo methods.

Details on the arXiv (King et al., 2024)
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Population process
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Population process

Population process: a non-explosive Markov jump process, Xt P X, t P R`.
Initial-state distribution, p0:

Prob rX0 P Es “

ż

E

p0pxq dx

Jump rates: αpt, x, x1q “ rate of jump x Ñ x1

αpt, x, x1q ě 0,
ż

X
αpt, x, x1q dx1 ă 8

Multiple events at each jump are allowed.
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Population process

Kolmogorov forward equation (KFE):

If
Bw
Bt

pt, xq “

ż

wpt, x1qαpt, x1, xq dx1 ´

ż

wpt, xqαpt, x, x1q dx1

and
wp0, xq “ p0pxq

then
ż

E

wpt, xq dx “ Prob rXt P Es .

KFE is sometimes called the master equation for Xt.
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Population process

S E I R

Bw
Bt

pt, xq “

ż

wpt, x1qαpt, x1, xq dx1 ´

ż

wpt, xqαpt, x, x1q dx1
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Population process

x “ pS,E, I,Rq

x1 “ pS ´ 1,E ` 1, I,Rq

x1 “ pS,E ´ 1, I ` 1,Rq

x1 “ pS,E, I ´ 1,R ` 1q

x1 “ pS ` 1,E, I,R ´ 1q

x1 “ pS,E, I,Rq

Trans

Prog

Recov

Wane

Sample

U “ tTrans,Prog,Recov,Wane,Sampleu

Bw
Bt

pt, xq “
ÿ

uPU

"
ż

wpt, x1qαupt, x1, xq dx1 ´

ż

wpt, xqαupt, x, x1q dx1

*
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Population process

x “ pS,E, I,Rq

x1 “ pS ´ 1,E ` 1, I,Rq
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x1 “ pS,E, I ´ 1,R ` 1q

x1 “ pS ` 1,E, I,R ´ 1q

x1 “ pS,E, I,Rq

Trans

Prog

Recov
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U “ tTrans,Prog,Recov,Wane,Sampleu

Bw

Bt
pt, S, E, I, Rq “

βptq pS ` 1q I

N
wpt, S ` 1, E ´ 1, I, Rq ´

βptq S I

N
wpt, S, E, I, Rq ` σ pE ` 1q wpt, S, E ` 1, I ´ 1, Rq ´ σ E wpt, S, E, I, Rq

` γ pI ` 1q wpt, S, E, I ` 1, R ´ 1q ´ γ I wpt, S, E, I, Rq ` ω pR ` 1q wpt, S ´ 1, E, I, R ` 1q ´ ω R wpt, S, E, I, Rq
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What is a genealogy?

0.0 2.5 5.0 7.5 10.0
time
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What is a genealogy?

L: countable set of labels
partitpLq: set of collections of finite, mutually-disjoint
subsets of L.
partition fineness defines a partial order, ď, on partitpLq.
The tree structure of a genealogy is a monotone, càdlàg
map
Z : r0,Ts Ñ partitpLq such that t1 ď t2 implies Zt1 ď Zt2 .
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What is a genealogy?

A coloring, Y, is an assignment of a deme to each point of the genealogy.
For t P r0,Ts, a a label, Ytpaq “ pYd

t paq,Ym
t paqq P D ˆ Z`

Yd
t paq is the deme in which the lineage of a is located at time t.

Ym
t paq is the number of nodes encountered along the lineage a in going from time 0 to

t.
Ym

t paq is a simple counting process.
Given a tree Z, let YpZq denote the set of colorings Y that are compatible with Z

Formally, a genealogy is a triple, pT,Z,Yq.
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Event types

S E I R

D “ tE, Iu
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Event types

If we write
αpt, x, x1q “

ÿ

uPU
αupt, x, x1q,

the KFE becomes

Bw
Bt

pt, xq “
ÿ

u

ż

wpt, x1qαupt, x1, xq dx1 ´
ÿ

u

ż

wpt, xqαupt, x, x1q dx1
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A population process induces a genealogy process

Gt is a stochastic process on the space of genealogies.
The map X ÞÑ G is random.
Key assumption: Lineages within a deme are exchangeable.
There is no more structure than is implied by the population process.
Simulation code on github.com/kingaa/phylopomp

Animations at
https://kingaa.github.io/manuals/phylopomp/vignettes/
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Full genealogy

0.0 2.5 5.0 7.5 10.0
time

13 / 30



Pruned genealogy
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Local structure of a pruned genealogy
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Top row shows the unpruned genealogy in neighborhood of an event.
Bottom row shows the corresponding pruned genealogy.
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Local structure of a pruned genealogy
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For x P X, i P D, nipxq is the occupancy of deme i when the system is in state x.
In panel A n “ pnblue, nyellowq “ p4, 4q; in panel C n “ p3, 5q;
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Local structure of a pruned genealogy
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For u P U, i P D, ru
i is the production of event u in deme i.

In panel A, r “ prblue, ryellowq “ p1, 1q; in panel E, r “ p0, 2q.
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Local structure of a pruned genealogy
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The lineage count, ℓiptq, is the number of unpruned lineages in deme i at time t.
In this case, for all panels, ℓ “ p2, 2q.
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Local structure of a pruned genealogy
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The saturation, si, is the number of unpruned lineages in deme i descending from the
event. In panels B and D, s “ p1, 0q; in panel F, s “ p0, 1q.
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Local structure of a pruned genealogy
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Pruned genealogy

0.0 2.5 5.0 7.5 10.0
time

A pruned genealogy is specified by two functions of time, pY,Zq:
Zt gives the local topological structure; Yt gives the local coloring.
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Obscured genealogy

0.0 2.5 5.0 7.5 10.0
time

An obscured genealogy is specified by pT,Zq.
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Binomial ratio

For n, r, ℓ, s P ZD
`, define the binomial ratio
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Theorem: likelihood of a pruned genealogy

0.0 2.5 5.0 7.5 10.0
time
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Theorem: likelihood of a pruned genealogy

Suppose that P “ pY,Zq is a given pruned genealogy with depth T.
Define

ϕupx, y, y1q –

¨

˚

˝

npxq ℓpy1q

ru spy, y1q

˛

‹

‚

Qupy, y1q.

Here, Q “ 1 if the local structure of P is compatible with an event of type u at that time;
Q “ 0 otherwise.
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Theorem: likelihood of a pruned genealogy

If w “ wpt, xq satisfies the initial condition wp0, xq “ p0pxq and the filter equation

Bw
Bt

pt, xq “
ÿ

u

ż

wpt, x1qαupt, x1, xqϕupx, rYt,Ytq dx1 ´
ÿ

u

ż

wpt, xqαupt, x, x1q dx1, t R evpPq,

wpt, xq “
ÿ

u

ż

rwpt, x1qαupt, x1, xqϕupx, rYt,Ytq dx1, t P evpPq,

then the likelihood of P is
L “

ż

wpT, xq dx.
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Theorem: likelihood of an obscured genealogy
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Theorem: likelihood of an obscured genealogy

Let pT,Zq be a given obscured genealogy. Then there are probability kernels π and q such
that if

βupt, x, x1, y, y1
q “ αupt, x, x1

qπupt, x, x1, y, y1
q, ψupt, x, x1, y, y1

q “
ϕupx1, y, y1

q

πupt, x, x1, y, y1q
,

and if w “ wpt, x, yq satisfies the initial condition wp0, x, yq “ p0pxq1tqpx, yq ą 0u and the
filter equation

Bw
Bt

“
ÿ

uy1

ż

wpt, x1, y1
qβupt, x1, x, y1, yqψupt, x1, x, y1, yq dx1

´
ÿ

uy1

ż

wpt, x, yqβupt, x, x1, y, y1
q dx1, t R evpZq,

wpt, x, yq “
ÿ

uy1

ż

rwpt, x1, y1
qβupt, x1, x, y1, yqψupt, x1, x, y1, yq dx1, t P evpZq,

then the likelihood of pT,Zq is

L “
ÿ

y

ż

wpT, x, yq dx.
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Theorem: likelihood of an obscured genealogy

0.0 2.5 5.0 7.5 10.0
time

Bw
Bt

“
ÿ

uy1

ż

wpt, x1, y1qβupt, x1, x, y1, yqψupt, x1, x, y1, yq dx1 ´
ÿ

uy1

ż

wpt, x, yqβupt, x, x1, y, y1q dx1, t P evpZq,

wpt, x, yq “
ÿ

uy1

ż

rwpt, x1, y1qβupt, x1, x, y1, yqψupt, x1, x, y1, yq dx1, t P evpZq,
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Linear birth-death model
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SIRS model

S I R
β I
N

γ

ω

Between genealogical events:

Bw
Bt

“
β pS ` 1q pI ´ 1q

N

˜

1 ´

`

ℓ
2

˘

`I
2

˘

¸

wpt, S ` 1, I ´ 1,Rq ` γ pI ` 1q wpt, S, I ` 1,R ´ 1q

` ω pR ` 1q wpt, S ´ 1, I,R ` 1q ´

ˆ

β S I
N

` γ I ` ω R ` ψ I
˙

wpt, S, I,Rq.
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SIRS model

S I R
β I
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γ

ω

At genealogical events:

wpt, S, I,Rq “

$

’

’

’

’

’

&

’

’

’

’

’

%

2β pS`1q

I N rwpt, S ` 1, I ´ 1,Rq, branch point at t,

ψ rwpt, S, I,Rq, internal sample at t,

ψ pI ´ ℓq rwpt, S, I,Rq, terminal sample at t.
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SIRS model
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SEIRS model
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SEIRS model
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Concluding remarks

The theory corrects and strictly extends all existing
likelihood-based phylodynamic methods (e.g., Volz et al., 2009;
Rasmussen et al., 2011; Stadler, 2010; Volz, 2012; Volz & Frost,
2014; Rasmussen et al., 2014; Vaughan et al., 2019).
All computations can be carried out forward in time.
This expands the class of models that can be entertained.
There is great flexibility in the sampling model.
Other data streams can be readily and simultaneously assimilated.
Applications beyond infectious disease epidemiology.
Full details in King et al. (2024).
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Outstanding challenges

There is some way to go before these results translate into algorithms.
Key issues: scalability and expense
Efficient choice of importance-sampling kernel
(Borrowing information from future is allowed.)
Phylogenetic uncertainty
Efficient simulation algorithms
Reassortment and recombination
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Summary

A discretely structured Markov population process uniquely
induces a genealogy-valued Markov process.
The likelihood of an observed genealogy satisfies a nonlinear
filtering equation.
Existing tree-based phylodynamic approaches are special
cases.
Various approaches to solving this equation are possible and
have yet to be fully explored.
These results liberate us to entertain models that more closely
match our scientific questions, with less hindrance from
inference methodology.
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